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Abstract 

Extending our results of |17j . we confirm that Entropy Conjecture holds for every 
continuous self- map of a compact K(tt,1) manifold with the fundamental group 
vr torsion free and virtually nilpotent, in particular for every continuous map of 
an infra-nilmanifold. In fact we prove a stronger version, a lower estimate of the 
topological entropy of a map by logarithm of the spectral radius of an associated 
"linearization matrix" with integer entries. 

From this, referring to known estimates of Mahler measure of polynomials, we 
deduce some absolute lower bounds for the entropy. 

1 Introduction 

Let M be a compact manifold and / : M — M a continuous self-map of M. The topologi- 
cal entropy /itop(/), denoted shortly by h(/), is defined as lime^o linisup„_,oo 1/nlogsup ^Q, 
supremum over all Q being (e, n)-separated. Q is called (e, n)-separated, if for every two 
distinct points x,y E Q, maXj=o,...,n d{f^{x), f-'{y)) > e. Here ci is a metric on M consistent 
with the topology; in fact h(/) does not depend on the metric (cf. p8j). 

Entropy Conjecture, denoted shortly as EC, says that the topological entropy of / is 
larger or equal to the logarithm of the spectral radius of the linear operator induced by / 
on the linear spaces of cohomology of M with real coefficients. It was posed by M. Shub 
in seventies who asked what suppositions on / and M imply EC. 

We prove the following 

Theorem A Assume that a compact manifold M is a K{7t, l)-space with the fundamental 
group vr being torsion free and virtually nilpotent. Then EC holds for every continuous 
self-map f of M. In particular EC holds for every continuous self-map of any compact 
infra-nilmanifold. 
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• A group TT is called virtually nilpotent if it contains a finite index nilpotent subgroup 
r. We can assume that F is a normal subgroup of vr. 

(Indeed, for any pair of groups K G L, where K has a finite index in L, one has a 
homomorphism p : L ^ Sjm{L / K) into the symmetry group of the quotient space. Then 
ker p is a normal subgroup of L, it has finite index, and is contained in K.) 

• One can replace the assumption that vr is virtually nilpotent by the assumption that 
TT has polynomial growth, [9]. 

• Theorem A is a step towards proving a conjecture by A. Katok [11] saying that 
EC holds for every continuous map if the universal cover of M is homeomorphic to an 
Euclidean space M!^. 

• One can even ask whether EC holds for every continuous self-map of a K{it, 1)) 
compact manifold (or a finite CW-complex). 

1.1. AfRne maps 

We refer to the following theorem by A. Malcev and L. Auslander about the existence 
of a model [7] p. 76: 

Assume that vr is finitely generated torsion free virtually nilpotent group. Then it 
contains a finite index normal subgroup F which can be embedded as a lattice, i.e. a 
discrete co-compact subgroup, in a connected, simply connected nilpotent Lie group G. 
The embedding can be extended to the embedding of vr in the group Aff(G) of affine 
mappings of G, so that vr fl G = F. More precisely, if C C Aut(G) denotes the maximal 
compact subgroup of the group of automorphisms of G, then ttcGkCcGk Aut(G); 
this embedding of vr is called an almost Bieberbach group. 

It follows then from the definition that tt acts on G properly discontinuously (First 
note that if a G vr has a fixed point z G G, then a^{z) = z and G F for I = ^{tt/T). 
Then = e the unity of tt, hence a = e by the assumption that tt is torsion free.) 

The quotient manifold IN = G/vr is called an infra-nilmanifold. It is regularly finitely 
covered by the nilmanifold N = G/T, with the deck transformation group equal to H = 
tt/F. 

Note that every compact manifold finitely covered by a nilmanifold, in particular every 
infra-nilmanifold, satisfies the assumptions of Theorem A. Indeed, G is homeomorphic to 
M'^, where d = dimM (cf. [22] )• If tt were not torsion free, a cyclic subgroup generated 
by an element {g} ~ Zp of a prime order would act freely on W^. The latter is impossible, 
as follows from the Smith theory (cf. [Ij). 

The image of the embedding of tt into G k C C Aut(G) will be denoted by ttjn. It is a 
deck transformation group of the cover : G —>■ G/ttjn and, distinguishing an arbitrary 
2 G G, it can be identified in a standard way with the fundamental group 7ri(IN,piN(-2)) 
of IN. 

Consider now any M being K{tt, 1) as in Theorem A. The group vr acts properly 
discontinuously on the universal cover space M and it can be identified with ttm, which 
is the deck transformation group of the universal cover pm '■ M M. 
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(Similarly to N ^ IN, we have a regular finite cover M/F ^ M = M/vr, with the 
deck transformation group H .) 

Every continuous f : M ^ M induces an endomorphism F = Ff of ttm, unique up 
to an inner authomorphism. To define this use /# : 7Ti{M,z) tti^M, f{z)) between 
the fundamental groups and standard identifications of these groups with ttm- For more 
details see Section 3. 

When we identify vr with ttin, then we can consider F as an endomorphism of vr = ttin. 
By K. B. Lee, [I3l Th.1.1 and Cor 1.2], there exists an affine self-map $ = $/ = (6, 5) 
of G, with b E G, B E End(G'), such that for all x G G, a G ttin we have 

$(a(x)) = F(a)(<l>(x)). (1) 

Hence, in view of (1), there exists a factor = 0/ of $ on IN under the action of 
TTiN- In general one calls factors of affine $ on G satisfying (1), affine maps on IN, in 
particular is an affine map on IN. 

Since both M and IN are K{7i, l)-spaces, they are homotopically equivalent, ^26j. One 
can find a homotopy equivalence h : M ^ IN inducing our identification between ttm 
and TTiN- Then (po h is homotopic to /i o /, see |26l Section 8.1] and Section 3. Note, [T3] . 
that if M = IN, i.e. / is a self-map of an infra-nilmanifold IN, then 0/ is homotopic to 
/• 

Let $ = $/ = (6, i?) be an affine self-map of G associate to / : M — > M (in fact to 
the homomorphism F). The differential at the unity, D{B){e), is an endomorphism of Q, 
the Lie algebra of G. Denote D{B){e) by Df. Let <y(Df) = {Ai, . . . , A^} be the set of all 
its eigenvalues counted with multiplicities. Consider sp {A*Df), the spectral radius of the 

d 

full exterior power A*Df = © A Df of Df. Of course it is equal to nj |Aj|>i l-^il' "where 

Xj G cxi^Df), provided at least one Aj has absolute value larger than 1. Otherwise it is 
equal to 1 (in A°D/). 

1.2. Linearization matrices 

One can assign to an endomorphism F = not only a linear map Df : M.'^ ^ W^, 
Q = M*^, but also an integer d x d matrix A^f] called the linearization of the homotopy 
class [/], because endomorphisms are in the one-one correspondence with homotopy 
classes [/] of self-maps of a Kin, l)-space. Sometimes we shall use the notation Af. 

An endomorphism F : it ^ it does not preserve the nilpotent subgroup F < vr in 
general. But F contains a subgroup F' < vr such that F' is nilpotent has finite index in vr 
and is invariant for F (cf. [T^ or Proposition [5]). Since F' has finite index in F it is also 
a lattice in G. By (1) the endomorphism B : G ^ G is an extension of F : F' — > F', see 
Section 2. 

Let G be a nilpotent connected simple-connected Lie group, F its lattice. By the 
definition the descending central series of commutators Gq = G , Gj+i = [G, Gi] of G is 
finite with the last group trivial Gk = {e} . For each i define Fj = Gj fl F. Each Fj is a 
lattice in Gj, as follows from Malcev theorem [16, Theorem 1]. Consequently, ii B : G ^ G 
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is a homomorphism of G preserving a lattice F it preserves each subgroup Fj thus it induces 
an endomorphism Bi on each factor group Fj/Fj+i, < i < fc. Clearly Fj/F^+i is abelian 
and torsion free of dimension di. Therefore the action of Bi on Fj/Fj+i = l/-^ yields 

an integer di x di matrix Ai which is uniquely defined up to a choice of basis, i.e. up 

k 

to a conjugation by a unimodular matrix. Finally we put := ©Aj, which defines 

k 

an integer d x d matrix, because (B di = d. (See [12] and [10] for some extensions to 

j=0 

solvmanifolds.) 

It is easy to show that (T(y4[j]) = a{DB{e)), thus consequently (t(A*A[j]) = cr(A*-D/), 
which implies sp (A*A[/]) = sp iA*Df) (cf. [H], [10]). 

In fact the matrices A can be defined directly, using F = : tt ^ vr, without 
constructing G. One can use the series of isolators -y/T^ = {x E T : {3i > 0)x^ ^ T^}, 
for F^ being commutators in the descending central series for F, i.e. F.^^ = [F, F^], see [2] 
Section 3 and for example [T9l Lemma 11.1.8]. In fact {/T^ = Fj = Gj fl F defined above, 
see ^ Lemma 1.2.6]. 

1.3. Conclusion 

We are in the position to formulate a sharper version of Theorem A, namely 

Theorem B For every continuous self-map f of a compact manifold M which is a 
K{iT, l)-space with the group n torsion free and virtually nilpotent, 

h(/) > logsp(A*D/) = logsp(A*%]). 

In the case M is an infra-nilmanifold the equality holds for every affine map cj) : M ^ M , 
a factor of an affine $ satisfying (1), in particular for (pf. In consequence for every 
continuous self-map f of M we have h(/) > h{(j)f), i.e. (pf minimizes entropy in the 
homotopy class of f . 

Maybe considering of M is not needed and it is sufficient to consider only IN. Since 
the topological entropy is an invariant of conjugation by a homeomorphism, this would 
follow from Borel conjecture, which states that the fundamental group tt of a manifold 
being K{tt, l)-space determines M up to homeomorphism. This has been confirmed by 
Farrell and Jones [5] for a class of groups that contains the almost-Bieberbach groups, 
except in dimension 3. 

Formulating Theorems A and B we have followed a suggestion by M. Shub [21], to 
assume a discrete group point of view. Having given an endomorphism F = f^ : 7i ^ n 
of a finitely generated torsion free virtually nilpotent group, we associate to it a linear 
operator Dj, or an integer dx d matrix Af. As suggested in [2^ the logarithm of spectral 
radius of sp (A*D/), or sp {A*Af), is "a kind of volume growth" of In Theorem A it is 
replaced by the spectral radius of the map induced on real cohomologies of the group tt. 

We shall present two proofs of Theorems A and B. 
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The first one, in Section 2, concludes Theorems A and B from analogous theorems in 
|17j . with / : N — >^ N a continuous map of a compact nilmanifold. However this proof of 
Theorems A and B does not work in dimension 3. 

The second proof, in Section 3, holds for f on M and uses only a homotopy equivalence 
between M and IN. It directly repeats the arguments of [IT]. 

An important observation is that A^f] is an integer matrix. This allows, in Section 
4, to prove absolute estimates from below for sp(A*A/), where / is an expanding map 
of a compact manifold (without boundary) or an Anosov diffeomorphism of a compact 
infra-nilmanifold. The latter uses number theory results estimating the Mahler measure 
of an integer polynomial. 

The authors would like to express their thanks to K. Dekimpe, E. Dobrowolski, T. 
Farrell, A. Katok and M. Shub for helpful conversation. 



2 Entropy Conjecture on infra- nilmanifolds 

The proof of Theorems A and B we present in this section will hold for M finitely covered 
by a nilmanifold and follows from two standard facts and the main theorem of [T7j in 
which the topological entropy of a continuous map of nilmanifold is estimated by the 
corresponding quantities. We begin with the following 

Proposition 1 Suppose that we have finite cover {M,p,M) of compact metric spaces, 
i. e. M is the total space of the cover, M the base space, and p : M ^ M the covering 
space. Let a pair {f,f), f : M ^ M, f : M ^ M, be a map of a this covering, i.e. 
Pf = fP- Then 

Hf) = Hf) ■ 

Proof: It is elementary and is given in [6]. Briefly: The p-preimage of an (n, e) — /- 
separated set in M is (n, e) — /-separated (in a metric d on M is being the lift of a metric 
d on M chosen to define the entropy), hence h(/) < h(/) . (In fact only the continuity of 
p was substantial in this proof). 

Conversely, let Q be an (ra, e) — /-separated set in M consisting of points in a ball 
B{z,e/2). Let 5 > be a constant such that p is injective on every ball in M of radius 
6. We prove that the set p{Q) is (n, e) — /-separated. Indeed, take e < 6 and suppose 
that for x,y E Q we have d{f^{p{x)), f^{p{y)) < e for all j = 0, 1, n. Let jo > be the 
smallest j < n such that d{f^{x), f^{y) > e. Then d{f^{x), f^{y) > 6 — e (i.e. projections 
by p are close to each other but the points are in different components of preimages of a 
small ball under the cover map). This is not possible for j = by Q C B{z,e/2). If it 
happens for another j it means that the / image of two points within the distance < e 
have distance > S — e, what for e small enough contradicts the uniform continuity of /. □ 
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The same trick as above has been used in [T71 Proof of Theorem 2.2], to which we 
refer here in Section 3, in the setting of the projection p from the universal cover of M to 
M. 

Proposition 2 Let {M,p,M) be a regular covering over a finite CW-complex, e.g. over 
a compact manifold with the deck transformation group H. Let next f : M ^ M be a 
continuous map and f : M ^ M its lift to M . 

Then a{H*{f)) C a{H*{f)) and consequently sp{H*{f)) < sp (//*(/)). 

Proof: The action of on M defines an action on the real cohomology space for any 
g e H given hy g H*{g) : H*{M) H*{M). Since M is the orbit space of a free 
action of a finite group H on M, we have i7*(M;R) ~ if*(M;R)^, when the latter is 
the fixed point of action of H on the real cohomology spaces, i.e. the image of a linear 
projection j^'^g^jj H*{g) (cf. [Ij Section III.2). Moreover this isomorphism is given by 

the map H*{p) : H*{M;M.) H*{M;'R) induced by the covering projection p. Since 
pf = /P) we have H*{f)H*{p) = H*{p)H*{f). This means that the linear subspace 
H*{M;R) = H*{M;R)^ = imH*{p) is preserved, by H*{f). Consequently H*{f) can be 
identified with a restriction of a linear map H*{f) to an invariant linear subspace, which 
shows that a{H*{f)) C a{H*{f)), and consequently proves the statement. (Note that / 
is not an if-equivariant map in general.) □ 

An immediate corollary is 

Corollary 3 Let {M,p,M) be a regular cover over a finite CW-complex, e.g. over a 
compact manifold, f : M ^ M is a continuous map which has a lift f to M and EC holds 
for f , then EC holds for f . 

A problem in a general situation is with the existence of the lift /. Fortunately one 
can go around it for M being a nilmanifold. 

Definition 4 Let F < tt be a normal nilpotent subgroup of finite index in it and let let s 
be an endomorphism ofn. We say that a group F' C F zs s -admissible if 

1) .s{T') C F', 

2) F' C F is normal in tt and [F : F'] < oo, i.e. F' has a finite index in F. 

Proposition 5 For a nilpotent group F normal and of finite index in a group tt there 
exists a group F' C F, F' < vr, admissible for every endomorphism sofTT. (sometimes 
such F' is called a fully characteristic subgroup). 

Proof: Repeat verbatim the argument of Lemma 3.1 of [T^ and define 

F' = group generated by {7^ : 7 G tt}, where k is the order of if = F/F' . 
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This is a subgroup preserved by every endomorphism of vr, in particular vr is normal. 
Next we define a group 

T{k) := group generated by {x^} : x G F . 

Of course T{k) C F'. It is enough to show that F(A;) is of a finite index in F. Apply an 
argument used in [H]: Since F is nilpotent, it is polycyclic, [22]. But for any polycyclic 
group F the corresponding group T{k) has a finite index, cf. [22l Lemma 4.1]. In particular 
adapting the argument of Lemma 4.1 of [22] one shows its assertion for a nilpotent group, 
by an induction over the length of nilpotency. 

□ 

Note that the number k used to define the group T{k) is not unique, e.g. we can take 
any its multiple getting a smaller group with the required property. To get a larger group 
F' than that of [H] we can use k equal to the LCM{^/i; h G H} the order of element, 
instead of A; = the order of H. 

Corollary 6 For any compact manifold M finitely covered by a nilmanifold N there exists 
a regular finite cover (N,p, M) of M by a nilmanifold N such that every continuous map 
f : M ^ M has a Uft f -.N ^N, i.e. pf = fp. 

Proof: The assertion follows from Proposition [5] for vr the fundamental group of M, 
N = G/r for F a subgroup of vr and s = We can assume that F (hence F') is normal 
in 71, see Introduction. We define N := G/V . A lift / exists, since the homomorphism 
f^-.TT^TT preserves F' identified with p^Tc(N), see [26] . 

□ 

Together with Corollary [3] and EC for nilmanifolds, [T7] , this proves EC for all con- 
tinuous self maps of M finitely covered by nilmanifolds, in particular for all M being 
inf r anilmanif olds . 

Proof: of Theorem B (for M finitely covered by a nilmanifold G/T). 

As above we find an admissible F' C F. The quality (1) for a = g eT' takes the form 

B{g{x))b = F{g)B{x)b. 

As the left hand side expression is equal to B{g)B{x)b, we get F{g) = B{g), i.e. /#|r' = 
B\r'- 

(In fact B in (6, B) was found in [13] just as an extension of /#|F' to G.) 
5 is a lift to G/r' of (pf homotopic to /. Theorem B follows from Corollary [6] {B is / 
there), from Proposition [1], and from Theorem B for self-maps / of nilmanifolds, [T7] . 

□ 
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3 Another proof of EC 



Now we provide another proof of Theorems A and B without additional assumptions by 
showing that a modification of the proof for the nilmanifolds given in [T7j works. 

Let us remind the notation. M is a compact manifold, being K{tt, 1) for tt a virtually 
nilpotent torsion free group vr. G is a connected simply connected nilpotent Lie group and 
IN = G/n where vr is embedded in Aff(G) as ttjn, acting discontinuously on G so that 
IN is an infra-nilmanifold, see Existence of a Model Theorem in Introduction. We have 
the universal covers pm '■ M ^ M and piN : G IN. 

Remark that we use the right action, thus IN = G/n, instead for 7r\G used in |13j . 
Then the action of an affine map {d, D), d & G, D & Endo(G), is given as {d, D)x = {Dx)d. 

We assume that all metrics under consideration are induced by Riemannian metrics. 
We need the following 

Lemma 7 [Lemma on the equivalence of metrics on G] Any right invariant metric p on 
G is equivalent to tq (i.e. the mutual ratios are bounded) being a lift of an arbitrary 
metric tjn on an infra-nilmanifold IN = G/n. 

Proof: By compactness the lift Tr of tjn to G/T, where F = G fl tt, is equivalent to pr, 
the projection of p to G/T. Therefore the lifts to G are also equivalent. □ 
Let us stop for a while on the homotopy equivalence between M and IN making some 
explanations from Introduction more precise. 

Lemma 8 There exists a homotopy equivalence h : M ^ IN. Moreover for every con- 
tinuous f : M ^ M there exists an affine mapping : IN — >■ IN such that o /z ~ /i o 
where ~ means: homotopic. 

Proof: The action ttm of tt on M can be identified, chosen an arbitrary distinguished 
point Zq G M, with the fundamental group 71i{M,pm{zo)) by projecting by pm of curves 
joining nM^zo) to zq. Similarly ttin can be identified with 7ri(IN,piN(wo) for an arbitrary 
distinguished point wq G G. 

Let h : M ^ IN be a homotopy equivalence; its existence follows from [261 Section 
8.1]. Choose its Hit h : M ^ G and distinguish zo,wo such that h{zo) = wq. Denote 
zo = Pm^zo) and wq = Pin('^'o)- We have h# : 7ii{M,zo) — > 7ri(IN, wq) which yields, with 
respect to distinguished Zo,Wo, an isomorphism between the deck transformation groups 

H : VTm TTiN- 

Let / : M — > M be a lift of /. Define Fm '■ t^m t^m, with respect to zq and /(^^o) 
(similarly to the way we defined H). Finally define F = Fin '■= H o Fm ° and affine 
$ and (f) as in Introduction, relying on |13j . 

By construction we get Fin o H = H o Fm- Denote xi = ^{h{zo)) and X2 = h{f{zo)). 
If xi = X2 then 0#/i# = on 7ri(M, zq), hence (f)ohc^hof,hj [261 Section 8.1, 

Theorem 11]. Otherwise one can consider k : IN IN homotopic to identity and its lift 
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A;, such that k{xi) = X2- It gives (with respect to distinguished Xi,X2) identity on ttin. 
Hence k^(l)^h^ = h^f^ on 7ii{M, zq), hence again we deduce 0o/;,~/io/. □ 

Proof (of Theorems A and B): Consider metrics r^;j, tq on M, G respectively, being 
hfts to the universal covers Pm : M ^ M and piN : G IN of arbitrary metrics Tm, tin 
on M, IN. 

Let / : M — >■ M be a continuous map and / its lift to M. 

Let h : M ^ IN be a homotopy equivalence such that ho f ~ (p^oh. for h and = 0/ 
as in Lemma [HI Let /i : M — G be a lift of h. Then the distance in tq between ho f and 
oh is bounded, by a constant > (since the lifts are joined by a lift of a homotopy, 
up to a deck transformation, that is up to an isometry). 

Let Xn, n = 0, 1, 2, ... be an / trajectory. 

Hence Wn = h{xn) is a — •I'-trajectory in the metric tq, hence, by Lemma [71 a 
^2 — ^-trajectory in p, the right invariant metric on G. 

Finally for $ = (6, B) the sequence Wn is a ^3 — i?'-trajectory for B' = b^^Bb, i.e. 
B'{x) = b-^ ■ B{x) ■ b. 

Indeed, p($(m;), 5'(w)) = p{B{w)b, B'{w)) = p{bB'{w), B'{w)) = p(&,e), the latter 
equality by the right invariance of p. Hence w„ is a ^2 + p{b, e) trajectory for B'. 

Note that the spectra of the derivatives (linearizations) of DB{e) and DB'{e) coincide 
as these operators are conjugate. 

Now we define a mapping B from {wn) to a i?'-trajectory in G" the unstable subgroup 
for B' by proceeding as in [1^: First we define w„ 7r"(tu„), the "projection" to G", i.e. 
we write Wn = g^^ -g^ where g'^'^ G G^^ the central stable subgroup and 7r"(w„) := (7" G G". 
Next Q{wn) is defined as the unique i?'-trajectory in G^ subexponentially "shadowing" 
7r"(w„). Finally, we define 6{x) := 9 o h{x). 

For an arbitrary e > 0, for ((1 + e)-', n) — -B'-separated points in G", j = 0, ...,n, 
(contained in a small disc), i.e. such that for some j their j-th images under B' are within 
the distance at least (1 + e)-', we choose points w in their B preimages (also in a small 
disc) and next points x in /i-preimages, in a small disc. This is a crucial point which uses 
the fact that h is onto, since |deg/;,| = 1, compare Remark 4.8 in |17j . 

If two points PM{x),pMiy) are (e,^) — /-close (i.e. not separated), then so are x,y. 
Hence h{x) and h{y) are {^4, ?T,)-close (with respect to $, hence B') in p for a constant ^4. 
Hence their images are ((1 + e)^,n) — B'-close, a contradiction. □ 

Note that we did not use an admissible group constructed in Proposition [S] 

Remark 9 The statement of Theorem A, in a weaker form for the flat manifolds, was 
posed as a question by Szczepahski in his article [27]. Earlier, a very special case of 
entropy conjecture an for affine map of a compact affine manifold was proved by D. Fried 
and M. Shub in [8J. 
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4 Absolute estimates of entropy 



Famous Lehmer conjecture in number theory states that there exists a constant C, called 
Lehmer constant, such that for every integer polynomial w{x) = aQx'^+aix'^~^+ + ■ ■ ■ +ad, 
not being a product of cyclotomic polynomials (all zeros being roots of 1) and x'^, for the 
Mahler M{w) measure of w have 



where the product is taken over all zeros of w{x). 

There are estimates of the Mahler measure which depend on the degree of an irre- 
ducible polynomial (the degree of an algebraic number). Using an estimate given by 
Voutier in 1996 (cf. [29]), 



which is the best known valid for every d > 1, not only asymptotically, we get the following 

Theorem 10 Let f : M —>■ M be a continuous map of a compact infra-nilmanifold of 
dimension d. Then 

a) either h(0/) = 0, 

b) or h(/) > \ogT{d). 

Proof: Let w{x) = wi{x) ■ W2{x) ■■■ Wk{x), dj = degwj, di < d2 < ■ ■ ■ < dk, he a 
decomposition of the characteristic polynomial of the linearization matrix Af into irre- 
ducible terms. If h(0j-) > then by Theorem B at least one eigenvalue of Af has the 
absolute value larger than 1. Hence, by Theorem B, using the property the sequence r(n) 
is decreasing with respect to n. 



For other estimates of Mahler measure see for example [1]. 

In particular from Smyth's theorem [25] (which is a partial answer to the Lehmer 
conjecture) it follows 

Theorem 11 Let f : M ^ M be a continuous map of a compact infra-nilmanifold of 
dimension d. If the characteristic polynomial of Af is non-reciprocal, i.e. the set of zeros 
is not invariant under the symmetry A t-^ A^^, and ifh{(f)f) > 0, then 



M{w) := \ao\Yl max(l, |Aj|) > C , 




h(/) > log Yl M{w,{x)) > log M{wk{x)) > logr(rf). 



l<j<k 



□ 



h(/) > n 



max(l, |A^|) > To 



where tq is the real root of polynomial — r — 1. 



□ 
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One can check that the latter tq is greater that 1.32471795. In particular, tq does not 
depend neither on w{x) nor on its degree d. 

Note that h(/) > h(0/), / ~ (pf, Af = A[f] assert that Theorem [TT] is a statement 
about a homotopy property of /. A special case is when Af is a hyperbolic matrix 
invertible over integers, i.e. 0/ is an Anosov automorphism, and d, the dimension of 
M, is odd. Then obviously the characteristic polynomial of is non-reciprocal, hence 
Theorem [11] applies and we obtain 

h(/) > 1.32471795. 

This is in fact an easy case whose proof does not need the use of Theorem B. Namely 
one can refer to Franks' theorem [71 Theorem 2.2], saying that such a map / is semicon- 
jugate to 0/, i.e. there exists a continuous map 9 : M ^ M such that 6 o f = (pf o 6. 
This 6 is found to be homotopic to identity, hence "onto". Therefore h(/) > h(0j), see 
Proposition [TJ It is easy to check that if / is an Anosov diffeomorphism then Aj is a. 
hyperbolic invertible matrix. 

Other remarks 

• The "projection - shadowing" construction of G in the proof of Theorem B in Section 
3 and in [T7] can be considered as a strengthening of Franks' theorem to the case central 
direction exists. 

• It is sufficient to assume Af is a. hyperbolic endomorphism, i.e. without eigenvalues 
of absolute value 1, and without zero eigenvalues, to apply Franks' theorem. Then (pf 
is an Anosov endomorphism and the semiconjugacy holds between the inverse limits, cf. 
[23] and [20] . 

• In the expanding case, i.e. if all the eigenvalues of Af have absolute values larger 
than 1, the product is at least 2. Therefore h(/) > log 2. In this case, instead of Theorem 
B, one can refer to Shub's theorem [23] saying that / is semiconjugate to (pf. 

• Finally, if / itself is metric expanding on a compact orientable manifold (i.e. it 
expands all the distances between points close to each other, at least by a constant factor 
larger than 1) or at least if / is forward expansive, i.e. 35 > such that \/x ^ y 3n > 
with /"(?/)) > 6 (as this implies expanding in an appropriate metric, see [211 
Section 3.6]), then for its degree d{f) one has immediately h(/) > log \d{f)\ > log 2, see 
t28j. 

Note that / expanding (in a metric induced by a Riemannian metric) can happen only 
on infra- nilmanifolds, [9]. 

• In general h(/) > log\d{f)\ for all / being C^, see [18]. However the assumption 
that / is is essential in absence of the expanding property, namely there are easy 
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examples of continuous, but not smooth maps / for which h(/) < log | deg(/)|. 



References 

Bredon, G., Introduction to Compact Transformation Groups, Academic Press, New 
York, 1972. 

Dekimpe, K., Hyperbolic automorphisms and Anosov diffeomorphisms on nilmani- 
folds. Trans. Amer. Math. Soc, 353.7, (2001) 2859-2877. 

Dekimpe, K., Almost-Bieberbach Groups: Affine and Polynomial Structures, volume 
1639 of Lecture Notes in Mathematics, Springer- Verlag, 1996. 

Everest, G., Ward, T., Heights of Polynomials and Entropy in Algebraic Dynamics, 
Springer, 1999. 

Farrell, P., T., Jones, L., E., The surgery L-groups of poly-(finite or cyclic) groups. 
Invent. Math., 91.3, (1988), 559-586. 

Pathi, A., Shub, M., Some dynamics of pseudo- Anosov diffeomorphisms. Expose 10, 
Travaux de Thurston sur les Surfaces, Asterique No 66-67, Soc. Math. Prance, Paris, 
(1979), 181-207. 

Pranks, J., Anosov diffeomorphisms, 1970 Global Analysis {Proc. Sympos. Pure 
Math., Vol. XIV, Berkeley Galif., (1968)) pp. 61-93 Amer. Math. Soc, Providence, 
R.I. 

Pried, D., Shub, M., Entropy, linearity and chain recurence, Inst. Hautes Etudes Sci. 
Publ, Math., 50, (1979), 203-214. 

Gromov, M., Groups of polynomial growth and expanding maps, Inst. Hautes Etudes 
Sci. Publ. Math., 53, (1981), 53-73. 

Jezierski, J., Marzantowicz, W., Homotopy Methods in Topological Pixed and Pe- 
riodic Points Theory, Series: Topological Pixed Point Theory and Its Applications, 
Vol. 3 , Springer , 2006. 

Katok, A. W., Entropy conjecture. Smooth Dynamical Systems, Mir Publishing, 
Moskow 1977, 182-203 (in Russian). 

Keppelmann, E. C., McCord, C. K., The Anosov theorem for exponential solvmani- 
folds. Pacific J. Math., 170.1, (1995), 143-159. 

Lee, K. B., Maps on infra-nilmanifolds. Pacific J. Math., 168.1, (1995), 157-166. 

Lee J. B., Lee K. B., Lefschetz numbers for continuous maps, and periods for ex- 
panding maps on infra-nilmanifolds, J. Geom. Phys., 56, (2006), no. 10, 2011-2023. 



12 



[15] Lehmer, D., Factorization of certain cyclotomic functions, Ann. of Math., (2) 34, 
(1933), no. 3, 461-479. 

[16] Malcev, A. L, On a class of homogeneous spaces, Izvestia Ak. Nauk SSSR, Ser. Math., 
13, (1949), 9-32, in Russian. Amer. Math. Soc. Translations No. 39. 

[17] Marzantowicz, W., Przytycki, F., Entropy conjecture for continuous maps of nilman- 
ifolds, to appear in Israel Jour, of Math.. 

[18] Misiurewicz, M., & Przytycki, F. Topological entropy and degree of smooth map- 
pings. Bull. Acad. Polon. Sci., Sr. Sci. Math. Astronom. Phys. 25.6 (1977), 573-574. 

[19] Passman, D. S., The Algebraic Structure of Group Rings, Wiley, 1977. 

[20] Przytycki, F., Anosov endomorphisms, Studia Math. 58 (1976), 249-285. 

[21] Przytycki, F., Urbahski, M., Conformal Fractals - Ergodic Theory Methods, to ap- 
pear in Cambridge University Press. 

[22] Raghunathan, M. S., Discrete Subgroups of Lie Groups, Springer- Verlag, 1972. 

[23] Shub, M., Endomorphisms of compact differentiable manifolds, American J. Math. 
91 (1969), 175-199. 

[24] Shub, M., A letter (2005). 

[25] Smyth, C. J., On the product of the conjugates outside the unit circle of an algebraic 
integer. Bull. London Math. Soc, 3, (1971), 169-175. 

[26] Spanier, E., Algebraic Topology, Mc Graw-Hill, 1966. 

[27] Szczcpanski, A., Problems on Bieberbach groups and flat manifolds, Geom. Dedicata, 
120, (2006), 111-118. 

[28] Szlenk, W., An introduction to the theory of smooth dynamical systems, (Translated 
from the Polish by Marcin E. Kuczma. PWN-Polish Scientific Publishers, Warsaw), 
John Wiley & Sons, Inc., New York, 1984. 

[29] Voutier, P., An effective lower bound for the height of algebraic Numbers, Acta Arith., 
74.1, (1996), 81-95. 



Faculty of Mathematics and Comp. Sci. Institute of Mathematics 

Adam Mickiewicz University of Poznah Pohsh Academy of Sciences 

ul. Umultowska 87 ul. Sniadeckich 8 

61-614 Poznah, Poland 00-950 Warszawa, Poland 

e-mail: marzan@math.amu.edu.pl e-mail: fehksp@impan.gov.pl 



13 



